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INTRODUCTION
A Bernstein algebra A is a commutative algebra over a field K, char K # 2, with a weight homomorphism, that is, a nonzero homomorphism of algebras w : A 4 K satisfying (x2>' = w(x>'x* for every x in A. It is known that a Bernstein algebra has only one weight homomorphism and always has idempotent elements. If e is one of them, then A has a Peirce decomposition A = Ke i U, i Z,, where U, = (x E Ker o : ex = ix> and 2, = {x E Ker w : ex = 0). The relations u,u, c z,, u,z, = u,, and Z,Z, c U, *Partially supported by D.G.A. P CB-G/S1
(11) S. GONZiiLEZ AND C. MARTiNEZ are satisfied. Further information about Bernstein algebras can be found in [ll, bl, 181, and [131. DEFINITION. A 
f(uz) =f(u>z + ug(z> + 2[D(e)u]z, vu,ur E u, [2] , [5] . [7] , and [9] about derivations in Bernstein algebras.) It is known that dim U = T, dim Z = s are invariants of the algebra (that is to say, they don't depend on the idempotent element el and dim A = 1 + dimKerw=l+(r+s).
The above observation lets us deduce that dim Der A < r + r2 + s2.
A. W&z proves that the Bernstein algebras having a derivation algebra of maximal dimension are the zero Bernstein algebras [(Ker 0)' = 0], that is, dim Der A = r + r2 + s2 if and only if A is a zero Bernstein algebra. Algebras having "many derivations" have been studied in [lo] and [12] . In [I21 it is obtained as a by-product that the derivation algebra of a finite dimensional nilpotent algebra is always nontrivial.
The aim of the present paper is to study the opposite extreme case, that is, the case in which Der A = 0. Notice that a Bernstein algebra cannot be a nil algebra. In fact, it has a nil ideal of codimension one. So, considering the above-mentioned result of Rijhrl and Walcher [12] 
DEFINITION
. U" = {u E ri, : uU, = 01.
It was seen in [S] that for any two idempotent elements e, f of A one has {uEU, : ILU, = 0} = {u E C) : uL> = 0); therefore, the definition doesn't depend on the idempotent element. U" is an ideal of the algebra A with zero product, and it is the greatest ideal of square zero contained in every U,, e E E(A).
LEMMAl.
CJ" is invariant for any derivation D of A.
PPOOJ
We know that D(e) fr/,, so uD(
lf A is a Bernstein algebra that is not Jordan, then U" f 0.
Puoof We know that there is an idempotent e for which Zf# 0, because A is not a Jordan algebra. If .z is an element of Z, with .z2f 0, it is clear that zf U" and so U"# 0.
We notice that for every u in U, and z in Z, the element (uz>z f U",
Zf A is a Bernstein algebra having zero derivation algebra, then there is no element u in U with u(U + Z) = 0.
ProoJ
In 151 't I was proved that the right multiplication R,,uE U,, is a derivation if and only if UZ = 0 = (uU>Z, and that RZ, z E Z, is a derivation if and only if zZ = 0 = zZ" and (z,U,Z) = 0. Consequently, if A has only zero derivations, it cannot have elements u in U, or z in Z, satisfying the above conditions. If u(U + Z) = 0, then the right multiplication R, would be a derivation.
Consequently, for each u in U" there must exist a z in Z, with uz# 0. Even more, there is a x in Z, with (uz>z f 0, because otherwise the triplet (u, O,,,O,) would define a nonzero derivation of A.
lf A is a Bernstein algebra having zero derivation algebra, then A is not Jordan and so U" # 0.
Proof.
In [ll] inner derivations of a Jordan-Bernstein algebras were studied, and it was seen that the dimension of the algebra of inner derivations is always greater than or equal to r [each element U E U, defines an inner derivation by D(e) = $2, D(u) = Uu, and D(z) = -?;a]. So if a Bernstein algebra has derivation algebra zero, then it cannot be a Jordan algebra. It was proved in [6] that a Bernstein algebra that is not Jordan has always an idempotent e with 2," # 0. l THEOREM 1. Zf A is a Bernstein algebra having zero derivation algebra, then Ker o is not nilpotent, that is, A is not a genetic Bernstein algebra.
Proof. Defining (Ker o)' = (Ker o)(Ker w) and recursively (Ker w)~+ ' = (Ker o)'(Ker w), we can see that (Ker w)~ + 0 Vr, since, if ui E U" we know that there exists zi in 2, with uizi # 0 and uizi E U" n (Ker w), so there exists z2 in Z with (uizi)za # 0. Following the above process, we can find for each r 2 1 an element 0 # u, E U" n (Ker w)~. n COROLLARY 1. lf A is a Bernstein algebra having zero derivation algebra, and Cl: = 0 (U' = U), then for every u in U, there is a z in Z, with (uz)z # 0.
COROLLARY 2.
If A is a Bernstein algebra having zero derivation algebra, then U,Z, # 0 for any idempotent e of A.
If A is a Bernstein algebra having zero o?erivation algebra, then A is not nuclear, that is, U," # Z,.
Proof.
If u E U", then uU, = 0 = uUe2. Therefore, if Z, = U," we would have that uZ, = 0 Vu E U", and R, would be a nonzero derivation. n We could have seen this by using the result of [3] that assures that a nuclear Bernstein algebra (that is, U, 2 = Z > is genetic and applying Theorem e 1 above.
LEMMA 4. If A is a Bernstein algebra having zero derivation algebra, there cannot exist an idempotent element e with U," = 0 and Zi = 0.
If we had such an idempotent element e, then considering the Peirce decomposition with respect to e, the triplet (0, lu, 0,) would define a nonzero derivation of A. n PROPOSITION 2.
If A is a Bernstein algebra having zero derivation algebra and U;" = 0, then dim 2, > 1 (and consequently dim A > 4).
Proof.
In fact, dim 2 = 1 implies that a derivation D is given by an element of U, say C (whose determination needs T parameters, the coordinates with respect to the fured basis in U ), a linear application f : U + U (for which we need r2 parameters, the r coordinates of the images of each element in the basis of U), and a linear application g : 2 -+ Z (given by one parameter). The above parameters must satisfy cl), (2) and (3). In the present case, (1) is an identity 0 = 0; (2) is equivalent to the relations f(uiz) =f<ui)z + u,g(z), where {ui,. . . , ur] is a basis of U and {z] is a basis of Z. Each one of the above relations yields r equations (making the coefficients of ui equal). Then the above parameters must satisfy r' homogeneous equations as a consequence of (2).
Finally, (3) p ro d uces in this case r equations [f(.z') = Sag(z) -~Gz)x]. In conclusion, to give a derivation D we need to find r2 + r + 1 parameters satisfying r2 + r homogeneous equations. As we know, there is always a nontrivial solution, because r2 + r < r2 + r + 1. So we can always find a nonzero derivation. n LEMMA 5.
lf A is Bernstein algebra having zero derivation algebra and U," = 0, then there is no element z in Z, with z Ker w = 0.
If such a z existed, we could define a linear application g : Z + 2, g # 0, with Im g = Kz, and then the triplet (0, O,, g) would define a nonzero derivation.
Zf A is a Bernstein algebra having zero derivation algebra and U," = 0, then dim U > 1.
If A = Ke + K(u) + K(z,,
. . , zS), we can use the same argument of Proposition 2 and we see that a derivation is given by 1 + 1 + s2 parameters satisfying s equations associated with (2) [f(xzj> =f(u)zi + ug(zj)] and is(s + 1) equations associated with (3) [f(z,z.) = z,g(z,> + z,g(zJ -2{(UZi)Zj) + (Uz,)zJ, i < j]. So it is always possib e to determine I s2 + 2 parameters (not all of them equal to zero) satisfying s + is(s + 1) equations, that is, there is always a nonzero derivation. w EXAMPLE 1. There are Bernstein algebras with U2 = 0, Der A = 0 and minimal dimension, that is, 5. Let A = Ke + K&i, uz> + K(z,, 5,) with the product given by U2 = 0, ,zf = ul, z," = u2, ~1~2 = 0, 21~1 = 0, 21~2 = ~2, Z2Ul = u1, z2u2 = 0.
If D is a derivation given by the triplet ((Yu, + puz, f, g), where f: U + U is a linear application given by f(ul> = tlu, + t,u,, f(u2> = slul + s2u2, and g : Z + Z is a linear application given by g( z,> = y1 z1 + y2z2, g(z2> = S,z, + 6,z,, they must satisfy:
(1) f<.zf> =f<ul> = 2z,g ( f<ul> =f(u1z2> =f(u1>z2 + u,g(z,) = t,u, + S,u,, whence t, = t, + 6, (6, = 0) and t, = 0; fh2> =f(u2zl> =f<u,>q + u,g(z,) = s2u2 + ylu2, whence Sl =0 and s,=s,+y, (y,=O).
Similarly, the algebra me + K(u,, u,) + Hz,, z,> with the product u2 = 0, zf = u1 -u2, ZIZZ = 2u,, z2" = 3u,, UlZl = Ul, Ul7+ = u1 + u2> U2Zl = 0, u2 z2 = -us has derivation algebra equal to zero. This algebra satisfies UZ = U" = Z2, and A is orthogonal, because U2U = 0 (it is even totally orthogonal, because U 2 U 2 = 0; see [41>. It is in fact a Bernstein algebra, because if x = cre + u + z, then x2 = 02e + (YU + 2uz + z2 + u2 with u2 E Z&i, 2u.z + z2 E K(u,,u,) = U". So (x2)2 = cx4e + a"(au + 2uz + z2) + ti2u2, since u2u = 0 = u(2uz + z), (2~2 + a)2 = 0 = (u~>~ = u2(2uz + z), because z,U = 0.
It is easy to see that if (U, f, g> d e f ines a derivation, the conditions on the product assure that U = 0, f = 0, and g = 0.
THEOREM 2. Suppose that Der A = 0 and there is an idempotent e such that Ue2 # 0, Zf = 0. Then A is not orthogonal and dim A > 8.
If U," = 0, then we can consider 1, : U -+ U. Since U 2 C Z but U 2 # Z, we can consider any linear application g : Z + Z satisfying g(z) = 2.2 if .z E U2 and g(Z) c U2. By the hypothesis, (0, l,, g> defines a derivation.
So U," # 0, and using [4], A is not orthogonal, that is, there is no idempotent element f for which Uf3 = 0. In this case (3) is always satisfied, and (1) and (2) are now (1) g(uu') = 2(uu') = f<u>u' + ufh'), The above is always true if dim U = 2. In fact, since 7J2 # 0, we know that 1 < dim U" < dim U = 2; then we must have dim U" = 1. Let {ui} be a basis of U" that we extend to a basis (ui, u2} of C. Then it is immediate to prove that U3 = 0.
If dim U = 3, then dim U" = 2 or dim U" = 1. If dim U" = 2, we can see again that U3 = 0. (This is always true when dim U" = dim U -1.)
If dim U" = 1, {u,} a basis of U", there cannot exist u2 E K(u,) with ui = 0. In fact, if we had such an element, we would be able to choose a basis {ui, u2, us} of U with uf = 0 = uluz = uiu3 = ui, u2u3 = zr, ug = .za. Then (z,, z2} would be linearly independent, because otherwise we would have U3 = 0 and consequently Der A # 0, as we have seen before. Also dim U2 < dim 2; then dim Z >, 3. For every z in 2 we have uiz E U", so uiz = ozul.
Also (u,z)~ = (u,z)~ = 0; therefore u2z = &ui + yp,, u3z = Szul + pzu2. But u,(u,z) = Oimplies pz = 0. Similarly u2(u2z) = 0 implies yz = 0. So UZ = Ku, = U". Using the same argument as before, we can see that the determination of a derivation (0, f, g) needs 1 + 3 + 3 = 7 parameters for f and s parameters for g satisfying the 3s relations fCui zj) = fC"ilzj + u{g(zj),
and consequently 3s equations (let us remember that UZ = Ku,) together with the 6 relations and 6 equations g(u,uj) = u,g(u,)
. Consequently, we need to find s2 + 7 parameters satisfying 3s + 6 homogeneous equations. Since s > 3, it is always true that s2 + 7 > 3s + 6, and consequently there are always nontrivial solutions, that is, there are always nonzero derivations.
Finally, let us suppose that an element u of U has square equal to zero if and only if it belongs to Ku,, which implies that UZ = Ku,. If dim U 2 = 1, then we would have again U 3 = 0 and, as we know, A would have nonzero derivations. If dim U2 = 2, then dim Z = s > 3, and in order to have a derivation (0, f, g) we would need s2 + 7 parameters satisfying the 3s relations f(UiZj) =j-(uj)zj + uig(zj) and consequently 3s equations (because dim UZ = 1) as well as the 3 relations g (u,uj> = u,g(u,> + u,g(u,) yielding 3 X 2 equations (dim U 2 = 2) But 3s + 6 < s + 7, so there is always a nonzero .
derivation. If dim U2 = 3, then dim Z = s > 4, and, as before, to give a derivation (0, f, g) we need s2 + 7 parameters satisfying 3s + 9 relations. As before, there is always a nonzero derivation. W
The above argument assures that if there is a Bernstein algebra A with Der A = 0 and U," # 0 and Zi = 0 for some idempotent element, then dim U > 3, dim Z > 3, that is, dim A > 8. It can even be proved that dim Z > 4 when dim U = 4. But is there any such algebra?
We can suggest the following conjecture: Let A be a Bernstein algebra with Der A = 0. Is it true that 2: # 0 for every idempotent element? We know that this is the case when Ue2 = 0, but we don't know in the case u," # 0. . . , r). 
